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Abstract 

In the paper we give some criterions for a-minimally thin sets and a-rarefied sets associated with 
the stationary Schrodinger operator at a fixed Martin boundary point or oo with respect to a cone. 
Moreover, we show that a positive superfunction on a cone behaves regularly outside a-rarcfied set. 
Finally we illustrate the relation between a-minimally thin set and a-rarefied set in a cone. 
AMS 2010 Subject Classification: 3IB05, 3fB25, 3IC35. 
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1 Introduction 

In the paper we are concerned with some properties for the generalized subharmonic function 
associated with the stationary Schrodinger operator, we will give the characterization for minimally 
thin sets and rarefied sets about these generalized subharmonic function. The study of the minimal 
thinnes had been exploited a little and attracted many mathematicians. In [14] Lclong-Ferrand 
firstly studied the thinness at boundary points for the subharmonic functions, then L. Nairn in [18] 
obtained the equivalent conditions as the criterions for minimally thin sets at a fixed boundary point 
with respect to T n . D.H.Armatage and S.J. Gardiner in [4] systematically reviewed these theoretical 
production. Based on the research of Lelong-Ferrand, in [9] M.Essen and H.L.Jackson knew the 
criterions for minimally thin sets at oo with respect to T n and introduced the criterions for rarefied 
sets at oo with respect to T n . Since a rarefied set at oo with respect to T n is also minimally thin set at 
oo with respect to T n , M.Essen and H.L.Jackson in [9] extended Lelong-Ferrand's theorem (from [14]) 
to much stronger conclusion. They remarked that by these criterions there exist some connection 
between both exceptional sets. Next I.Miyamoto and H.Yoshida in [17] extended these results(from 
M.Essen and H.L.Jackson [9]) from T n to the conical case. In view of the above statement, we shall 
give some criterions of Wiener type for a-minimally thin sets at a fixed Martin boundary point with 
respect to C n (Cl) which extend L. Nairn's results(see [4 or 16]). Similarly we shall give some criterions 
of Wiener type for a-minimally thin sets and a-rarefied sets at oo with respect to C„(0). Moreover, 
we generalize some theorems (Theorems 3 and 4 from I.Miyamoto and H.Yoshida[17])to the results 
associated with the stationary Schrodinger operator which are the crucial part in our paper. To state 
our results, we will need some notations and background materials below. 

Let R n (n > 2) be the n-dimensional Euclidean space and S its an open set. The boundary and the 
closure of S are denoted by dS and S, respectively. In cartesian coordinate a point P is denoted by 
(X, x n ), where X = (x\, X2, ■ ■ ■ , x n -i)- Let |P| be the Euclidean norm of P and \P — Q\ the Euclidean 
distance of two points P and Q in R™. The unit sphere and the upper half unit sphere are denoted 
by S n_1 and S" _1 , respectively. For P G R" and r > 0, let B(P,r) be the open ball of radius r 
centered at P in R", then S r = dB(0,r). Furthermore, we denote by dS r the (n — l)-dimensional 
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volume elements induced by the Euclidean metric on S r . 

We introduce the system of spherical coordinates for P = (X, y) by the following formulas 

n-l 

Xi = r Y[ sin#j (n > 2), y~rcos9i 
j=i 

and if n > 3, 

k-i 

Xn-k+i = r cos 9k Y[ sinOj (2 < n > n — 1), 

where < r < oo, < 0j- < tt(1 < j < n - 2) and -| < 6»„_i < ^. 

Relative to the system of spherical coordinates, the Laplace operator A may be written 

A _ n-l d d 2 A* 
r dr dr 2 r 2 ' 

where the explicit form of the Beltrami operator A* is given by V.Azarin(sec[2]). 

Let D be an arbitrary domain in R™ and £/ a denotes the class of nonnegative radial potentials 
a(P), i.e. < a(P) = a(r), P = (r, 9) G D, such that a G L\ oc (D) with some b > n/2 if n > 4 and 
with b = 2 if n = 2 or n = 3. 

If a 6 j2/ a , then the stationary Schrodinger operator with a potential a(P) 

C a = -A + a(P)I (1.1) 

can be extended in the usual way from the space C§°(D) to an essentially self-adjoint operator on 
L 2 (D) 7 where A is the Laplace operator and / the identical operator(see [21, Chap. 13] ). Then C a 
has a Green a- function G ( j D (P,Q). Here GJ,(P, Q) is positive on D and its inner normal derivative 
dGp(P,Q)/dnQ is not negative, where d/driQ denotes the differentiation at Q along the inward 
normal into D. We write this derivative by Q), which is called the Poisson a- kernel with 

respect to D. Denote by G° D (P,Q) the Green function of Laplacian. It is well known that, for any 
potential a(P) > 0, 

G a D (P,Q)<G° D (P,Q). (1.2) 

The inverse inequality is much more elaborate if D is a bounded domain in R™. M.Cranston, E.Fabes 
and Z.Zhao (see [6], the case n — 2 is implicitly contained in [7]) have proved 

G a D (P,Q)>M(D)G° D (P,Q), (1.3) 



where D is a bounded domain, a constant M(D) = M(D, a(P)) is positive and does not depend on 
points P and Q in D. If a = 0, then obviously M(D) = 1. 

Suppose that a function u ^ — oo is upper semi-continuous in D. We call u E [—00, +00) a 
subfunction of the Schrodinger operator C a if at each point P E D with < r < r(P) the generalized 
mean- value inequality 



is satisfied, where S(P,r) — dB(P,r), G a B ^ p r ^{P,Q) is the Green a-function of Sch a in B(P,r) and 
da{Q) the surface area element on S(P 7 r)(see [20]). 

The class of subfunctions in D is denoted by SbH(a,D). If —u E SbH{a 1 D) 1 then we call u a 
superfunction and denote the class of superfunctions by SpH(a, D). If a function u is both subfunction 
and superfunction, it is clearly continuous and is called an a-harmonic function associated with the 
operator Sch a . The class of a-harmonic functions is denoted by H{a 1 D) = SbH{a 1 D) n SpH{a, D). 
In terminology we follow B.Ya. Levin and A.Kheyfits (see [11], [13] and [15]). For simplicity, a point 
(1, 6) on S"- 1 and the set {9; (1, 6) E Q,} for a set S!(!Jc S™" 1 ) arc often identified with 9 and fl, 
respectively. For two sets H C R+ and Q C S n_1 , the set {(r, 9) E R"; r E S, (1, 9) E 0} in R" is 
simply denoted by S x fi. In particular, the half space R+ x S™- 1 = {(X,x n ) E R n ;x„ > 0} will be 
denoted by T„. By C n (Q) we denote the set R+ x O in R™ with the domain O on S™ -1 and call it 
a cone. We mean the sets I x and / x dil with an interval on R + by C„(f2; /) and S n (fl; I), and 
C n {VL) n S r by 5„(fi; r). By S n (Q) we denote S n (Q; (0, +00)), which is 9C„(f2) — {O}. From now on, 
we always assume D — C„(f2) and write Gq(P, Q) instead of G a c m\(P, Q)- 



Let fl be a domain on S™ 1 with smooth boundary and A the least positive eigenvalue for A* on 
n (see [22, p. 41]) 



The corresponding eigenfunction is denoted by ^(9) satisfying j n ip 2 (<d)dSi = 1. In order to ensure 
the existence of A and a smooth ^(9), We put a rather strong assumption on O: if n > 3, then Q 
is a C 2 ' "-domain (0 < a < 1) on S" _1 surrounded by a finite number of mutually disjoint closed 




(1.4) 



(A* + A)</?(9) = on O, 



(1.5) 



ip(Q) = on dn. 
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hypersurfaces (e.g. see [12, p. 88-89] for the definition of C 2 '"-domain). 
Solutions of an ordinary differential equation 

-Q"(r) - ^-V(r) + (If + a(r)J Q{r) = 0, for < r < oo (1.6) 

are known (see[24] for more references) that if the potential a G srf a . We know the equation (1.6) has 
a fundamental system of positive solutions {V, W} such that V is nondecreasing with 

< V(0+) < V(r) as r -> +oo (1.7) 

and W is monotonically decreasing with 

+oo = W(Q+) > W(r) \ as r -> +oo. (1.8) 

We remark that both V(r)^?(0) and VF(r)<^(0) are harmonic on C„(Q) and vanish continuously on 

Sn(fi). 

We will also consider the class consisting of the potentials a & srf a such that there exists 
the finite limit lim r 2 a{r) = k G [0, oo), moreover, r _1 |r 2 a(r) — k| G L(l,oo). If a G <S? a , then the 

r— too 

(super)subfunctions are continuous (e.g. see [23]). For simplicity, in the rest of paper we assume that 
a G ^ a and we shall suppress this assumption. 
Denote 



2-n± v /(n-2) 2 +4( K + A) 



2 

then the solutions V(r) and W(r) to the equation (1.6) normalized by V(l) — W(l) = 1 have the 
asymptotic (see [1 2] ) 

V(r)f*sr l t, W(r)&r l «, as r -> oo (1.9) 

and 

X = ^-^ = V / («-2) 2 + 4(« + A), ^^(r^WlU (1.10) 
where x' is their Wronskian at r = 1. 

Remark 1. If a = and = S"" 1 , then l~q = 1, i-g = 1 — n and </?(©) = (2ns~ 1 ) 1 / 2 cos^i, where 
s„ is the surface area 2W 2 {r(n/2)}- 1 of S"" 1 . 



R.S.Martin introduced the family with parameter of functions that was called Martin functions 
later(see M.Brelot[5] or R.S.Martin[16]). Now we introduce the Martin function Mq associated with 
the stationary Schrodinger operator as follows 

The function M£ defined on C„(ft) x C n (fl) - (P ,P ) by 

M a (P D\ - ^M^l91 

is called the generalized Martin Kernel of C n (Q) (relative to P ). If Q = Po, the above quotient is 
interpreted as 0(for a=0, we refer to D.H.Armitage and S.Gardiner[4]). 



2 Statements of main results 

First we remark that 

CiV(r)W(tM0M$) < G a n (P, Q) < C 2 V(r)W(tMQM$) (2.1) 

or 

CiV(i)^r)p(8) V ($) < G a n (P, Q) < C 2 V(t)W(r)<p(Q)<p(*) (2.2) 

for any P = (r, 0) G C n (Q) and any Q = (t, $) G C n (0) satisfying 0<j<|orO<^<|, where 
Ci and C2 are two positive constants(See A.Escassut, W.Tutschke and C.C.Yang[ll, Chap. 11] and 
for a = 0, see V.S.Azarin [2, Lemma 1], M.Essen and J.L.Lewis [10, Lemma 2]). It is known that the 
Martin boundary A of C„(0) is the set dC n (£l) U {oo}. When we denote the Martin kernel associated 
with the stationary Schrodinger operator by Mq(P, Q){P G C n (Q), Q G dC n {Q) U {oo}) with respect 
to a reference point chosen suitably, for any P G C n (Q), we see 

M&(P, oo) = V(r)ip{9), M&(P, O) = nW{r)<p{&), 

where O denotes the origin of R n and k is a positive constant. Let E be a subset of C„(f2) and u > 
be a superfunction on C n (Q). The reduced function of u is defined as 

R£(P) = M{v(P) : v G }, 

where 

$f = {v G SpH(a, C„(f2)) :M>0aiidu>uonE}. 
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By we denote the regularized reduced function of u relative to E, here 

R*(P)=limmfR*(P'). 

Compared with the regularization of a superharmonic function, we easily know that is a super- 
function on C„(0). 

If E C C n (Q) and Q GA, then the Ricsz decomposition and the generalized Martin repre- 
sentation allow us to express Rm&( q) um( l ue ly m the form Gf 2 fi + M^v, where and MqV 
are the generalized Green potential and generalized Martin representation. We say that E is a- 
minimally thin at Q with respect to C n (0) if v{{Q}) = 0. at last We remark that Ao= {Q GA: 
C n (f2) is a — minimally thin at Q} 7 where A is the Martin boundary of C„(0). Next we start to 
sate our main theorems 

Theorem 1. Let E C C n (f2) and a fixed point Q GA \ Ao- The following are equivalent 

(a) E is a- minimally thin at Q; 

( b ) R E M« ( ., Q) * M n{;Q)\ 

(c) inf{i?^]" q-^ : lo is a Martin topology neighbourhood of Q} = 0. 

If u is a positive superfunction, then we shall write \i u for the measure appearing in the generalized 
Martin representation of the greatest a- harmonic minorant of u. 

Theorem 2. Let E C C„(f2) and a fixed point Q GA \ Ao- Suppose that Q is a Martin topology 
limit of E. The following are equivalent 

(a) E is a- minimally thin at Q; 

(b) there exists a positive superfunction u such that 

u(P) 

liminf ; — —— > u u (W}); 

(c) there is a a-potential u on C n (Q) such that 

Let £7 be a bounded subset of C n (0). Then fi^ 00 )(-P) 1S bounded on C„(Q) and hence the 
greatest a- harmonic minorant of ^ (P) is zero. By the Riesz decomposition theorem that there 



exists a unique positive measure on C n (f2) such that 

RZ« { .,oo)(P) = G a n \ E (P) (2.3) 

for any P E C n (Q) and is concentrated on Be , where 

B E = {P G C n (fi) : £ is not t/im at P}. 

For a = 0, we see M.Brelot[5] and J.L.Doob[8]. According to the Fatou's lemma, we easily know the 
condition (b) in Theorem 3 and (2.6) below. 

Theorem 3. Let E C C n (Q) and a fixed point Q EA \ Ao- Suppose that Q is a Martin topology 
limit point of E. The following are equivalent 

(a) E is a- minimally thin at Q; 

(b) there is a a-potential Gq/z such that 



lim inf 



p^Q.pee G&(P ,P) 
(c) there is a a-potential Gq/j,' such that / Mq(P, Q)dfi' (P) < oo and 



> J M£(P,Q)dn(P); (2.4) 



G^(Po,P) 



oo {P ^Q-P EE). (2.5) 



Theorem 4. Let E C C n (fi), Qo G G„(f2)and a fixed point Q EA \ Ao- Suppose that Q is 
a Martin topology limit point of E. Then E is a-minimally thin at Q if and only if there exists a 
positive superfunction u such that 

lim inf - U }p - > lim inf ^ - . (2.6) 

P^Q,PeEG^(Q ,P) p^Q G^(Q ,P) V ' 

The generalized Green energy 7q(P) of Xe is defined by 

78(25) - / (G£A s )dA £ . (2.7) 

Let PbeasubsetofG„(0) and P fc = PnJ fe (Q), where 4(0) = {P = (r, ft) G G„(ft) : 2 fe < r < 2 k+1 }. 
The above theorems are concerned with the fixed boundary points. Next we will consider the cases 
at infinity. 



Theorem 5. A subset E of C n (Q) is a-minimally thin at oo with respect to C n (Q) if and only if 

oo 

Y / ln(E k )W(2 k )V- 1 (2 k ) < oo. (2.8) 

fc=0 

A subset E of C n (Cl) is said to be a-rarefied at oo with respect to C n (fi), if there exists a positive 
superfunction v(P) in C n (Cl) such that 

inf y> = 

pgc„(o) M£(P, oo) 

and 
where 

H V = {P= (r, 6) G C„(fi) : w(P) > K(r)}. 
Theorem 6. A subset E of C„(Q) is a-rarefied at oo with respect to C n (fi) if and only if 

oo 

Y / W(2 k )X a n (E k ) <oo. (2.9) 

Remark 2. When a = 0, Theorems 5 and 6 belong to I. Miyamoto and H.Yoshida[17]. When 
a = and Q = S" _1 , these are exactly the results by H.Aikawa and M.Essen[3]. 
Set 

v(P) 

c(v, a) = inf — — — = 

V ' Pec n (n) M£(P,oo) 

for a positive superfunction v(P) on C n (fl). We immediately know that c(v,a) < oo. Actually let 
u(P) be a subfunction on C n (Q) satisfying 

limsup u(P)<0 (2.10) 
p^Q,Pec n (n) 

for any Q G dC„(tt)\{0} and 

SUP W TL = *(<») <oo. (2.11) 

Then we see £(a) > — oo(for a = 0, see H.Yoshida [25]). If we apply this to u = —v, we may obtain 
c(v, a) < oo. 



Theorem 7. Let v(P) be a positive superfunction on C n (Cl). Then there exists a a-rarefied set P 
at oo with respect to C n (Cl) such that v(P)V~ 1 (r) uniformly converges to c(v,a)<p(Q) on C„(Q)\P 
as r — > oo, where P = (r, 6) G C„(0). 

From the definition of a-rarefied set, we see that the following fact: given any a-rarefied set E at oo 
with respect to C„(0) there exists a positive superfunction v(P) on C„(0) such that v{P)V^ 1 (r) > 1 
on E and c(f , a) = 0. Hence v(P)V~ 1 (r) does not converge to c(v, a)<p(Q) = on E as r — > oo. 

Let u(P) be a subfunction on C n (Cl) satisfying (2.10) and (2.11). Then 

v(P) = £(a)V(r)tp(Q) - u(P) (P = (r, 9) G C n (ft)) 

is a positive superfunction on C„(0) such that c(u, a) = 0. If we apply theorem 7 to this v(P), then 
we obtain the following corollary 

Corollary. Let u{P) be a subfunction on C„(f2) satisfying (2.10) and (2.11) for P G C n {Q). 
Then there exists a a-rarefied set E at oo with respect to C„(Q) such that w(P)l /_1 (r) uniformly 
converges to £(a)^j(6) on C n {Q)\E as r — > oo, where P = (r, 0) G C n (f2). 

A cone C„(fi') is called a subcone of C n (Q) if O' c O where O' is the closure of fi' C S n_1 

Theorem 8. Let E be a subset of C n (Q). If P is a a-rarefied set at oo with respect to C n (Q), 
then E is a-minimally thin at oo with respect to C n (fl). If E is contained in a subcone of C n (f2) 
and P is a-minimally thin at oo with respect to C n (Q), then P is a-rarefied set at oo with respect to 
C„(fi). 

3 Some Lemmas 

In our arguments we need the following results 
Lemma 1. Let Pi, P 2 , • • • , P m C C n (f2) and Q GA . 

(i) If Pi C P 2 and P 2 is a-minimally thin at Q, then Pi is a-minimally thin at Q; 

(ii) If Pi, P 2 , • • • , E m are a-minimally thin at Q, then (JfcLi ^fc is a-minimally thin at Q; 

(iii) If Pi is a-minimally thin at Q, then there is an open subset P of C n (Cl) such that Pi C P 
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and E is a- minimally thin at Q. 

Proof. Since P^a( < R^ a ( q)' we see W holds. To prove (ii) we note that Pj^ q) 1S a 
a-potential for each k and 

^M a ( Q) — ^fi(-> Q) quasi — everywhere on Ek, 
fe=i fe=i 

so -R^f^Q) * s a ^potential. Finally, To prove (hi), let u = Pf^ Then u is a a-potential and 
w > <3) on Fi \ F for some polar set F. Let w be a non-zero a-potential such that v = oo on 

F and let 

2={P£ C„(fi) : «(P) + u(P) > M^(P, Q)}. 

Then Z is open, Fi C Z and Pffaj- q) — M + w i so ^m»( Q) i s a a-potential and Z is a- minimally 
thin at Q. 



Lemma 2.1 19 1 



for any F = (r, 6) G C„(fi) and any Q = (t, $) G 5„(fi) satisfying < \ < § (resp. < f < §); 



<9n Q ~ t™- 1 dn$ |P - Q\ n dn$ 
for any F = (r, 6) G C„(fi) and any Q = (i, $) G S n (fi; (|r, |r)). 



(3.3) 



Lemma 3J 19 ' Let \i be a positive measure on C„(f2) such that there is a sequence of points 
Pj = 6j) G C„(Q) r, — > oo (i -4- oo) satisfying 



G>(F)= / G^(P i ,Q)rf M (t,$)<oo 



'C„(fi) 

for i = 1, 2, 3, • • ■ ; Q = (t, $) £ C„(Q). Then for a positive number £ 



/C„(0;£,oo) 

and 



/ W(t)<p($)dM(t, $) < oo (3.4) 

JC n (Q;£,oo) 



lim^§/ K(tM$)dM*,*)=0. (3.5) 
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Lemma 4J 19 1 Let v be a positive measure on S n (fl) such that there is a sequence of points 
Pi = (ri,@i) £ C n (0) n — > oo(i — > oo) satisfying 



iS n (0) un Q 

for i = 1, 2, 3, ■ • ■ ; Q = (t, <&) e C„(f2). Then for a positive number 

-i 



/ w(t)t- L ^g^-dv(t,$) < oo (3.6) 

Js n (n-,e,oo) on^ 



lim™/ V(*)*-^ d ,(t ) *)=0. (3.7) 



and 

Lemma 5. Let be a positive measure on C n (Q) for which Gf 1 ^i(P) is defined. Then for any 
positive number A the set 

{P = (r,0) 6 C n (n) : G>(P) > AF(r)^(6)} 

is a-minimally thin at oo with respect to C„(f2). 

Lemma 6. Let be a positive superfunction on C„(f2) and put 

c(v,a)= inf - ; c (u,a)= inf ^ff— . (3.8) 

Then there are a unique positive measure \i on C n (fl) and a unique positive measure v on such 
that 

v(P) = c{v, a)M«(P, oo) + Co{v, a)M£(P, O) + [ G a n {P, QW{Q) + / dG ^ Q) dv{Q), 

JC n (Q.) JS n (Q) an Q 

where denotes the differentiation at Q along the inward normal into C„(0). 

Proof. By the Riesz decomposition theorem, we have a unique measure /U on C n (£i) such that 

v(P)= [ G a n (P,QW(Q) + h(P) (PeC n (0)), (3.9) 

where /i is the greatest a-harmonic minorant of v on C n (fi). Furthermore, by the generalized Martin 
representation theorem we have with another positive measure v' on dC„(f2) U {oo} 



h(P)= f M&{P,Q)dv\Q) 



'3C„(fi)U{oo} 
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= M£(P, oo)i/({oo}) + M3(P, 0)i/({0}) 

+ / M£(P,Q)dv'(Q) (PgC„(Q)). 
JS„(n) 

We know from (3.9) that z/({oo}) = c(w,a) and z/({0}) = c G (t;,a). 
Since 

M°fP0)- lim Go (PA) flG&(P,Q) , ^(P ,Q) f3 1Q) 

where Po is a fixed reference point of the Martin kernel, we also obtain 

h(P) = c(v,a)M&(P,<x>)+c (v,a)M&(P,0) 
+ I dG l {P,Q) dv(Q) (P £ C„(fi)) (3.11) 



by taking 



dv{Q) = { g n } dv'{Q) (QeS n (fi)). 



Hence by (3.9)and (3.11) we get the required. 

Lemma 7. Let E be a bounded subset of C„(f2) and u(P) be a positive superfunction on C„(f2) 
such that u(P) is represented as 

u(P)= [ GUP,QWu(Q)+ [ dG l {P,Q) dv u (Q) (3-12) 

with two positive measures fJ, u {Q) and v u (Q) on C„(f2) and S n (fl) respectively, and satisfies u(P) > 1 
for any P G E. Then 

X(E)< f V{t)ip{$)dfi u {t,$)+ [ ^(t)t~V(*)di/ u (t,$). (3.13) 
Jc n {n) JS n (Q) 

When u(P) = Pf (P)(P G C n (fi)), the equality holds in (3.13). 

Proof. Since \e is concentrated on P# and u(P) > 1 for any P G P_e, we see that 



A&(P) < / dA £ (P) < / u (P)dA B (P) 



+ jT (Q) ( J c d ° a i P : Q) d\ E {P) ] dv u {Q). (3.14) 



'C n (fi) 5n Q 
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In addition we have 



l MS(.,oo) 

Since 



R E MZ(.,UQ)< M n{Q,™) = V{tM$) (Q = (i,$)GC n (0)). (3.15) 



r dG^AQ) { i r G a { p P)dXE{P) 

Jc n (n) dn Q p^o pJc n (n) 

for any Q G S n (Sl) (P p — (r p , 9 P ) = Q + priQ G C n (Q)), rig is the inward normal unit vector at Q 
and 

/ G a n (P,P P )dX E (P) = Rm &{ .,oo)(Pp) < M&(P p ,oc) = V{r p )<p{*p)> 

we have 

for any Q = (t, $) G S„(fi). Thus we obtain (3.13). Because Rf(P) is bounded on C n (fl), w(P) has 
the expression (3.12) by the Lemma 6 when u(P) = Rf(P). Then we easily have the equalities only 
in (3.14) because R?(P) = 1 for any P G B B (J.L.Doob[8 p.169]). Hence we claim if 

p u ({P G C„(fi) : ^. ( . i0o) (P) < M^(P, oo)}) = (3.17) 

and 

^({g - (t, <&) 6 S n (Sl) : / ^ (P ' Q) dA g (P) < nt)*" 1 ^}) - 0, (3.18) 

./c n (fi) dn Q 

then the equality in (3.13) holds. 
To see (3.17) we remark that 

{P G C n (Sl) : £&. ( . i0o) (P) < M3(P, c^)} C c„(n)\B B 

and 

MC„(n)\fl B ) = o. 

To prove (3.18) we set 

P'e = {Q e 'S'n(^) : E i s n °t a " minimally thin at Q} (3.19) 

and 

e = {P G E : ^. ( . i0o) (P) < M3(P, oo)}. (3.20) 
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Then e is a apolar set and hence for any Q G 5„(0) 

pP _ nE\e 

H M£(.,Q) ~ n M^(..,QY 

Consequently, for any Q G B' E E\e is not also a-minimally thin at Q and 



f M^P,Q)d V (P) = lim f M*(P,pi)d V (P) (3.21) 



for any positive measure r\ on C n (fi), where 



7 J2 

Now we take 77 = /i£ in (3.21). Since 



M ^ P '^ = g^pS') ( PeC «^)' p ' eC, «( fi ))- 



p->Q,P€C„(n) G^(P ,-P) ' 9n$ [ <9i\^ 

we obtain from (3.10) 

/ MMeS^^.v^&ffl liminf / (3.22) 

Jc„(o) 9n$ 9n$ p'^g,p' e p\ e y Cn(fJ) M°(F, 00) 

for any Q G (i, $) e Bj. Since 

/ Cn(n) MS(A~) d/XB(P) = M«(P',oo)^(-) (P,) = 1 
for any P' G £\e, we have 

Jc n {Q.) on$ <9n$ 
for any Q = (t, $) G B' E , which shows 

{Q = (t, $) G S„(fi) : / dG? £ P ' Q) d» E (P) < V^t- 1 ^!} c 5 n (fi)\^ B . (3.23) 

JC„(!i) 

Let ft, be the greatest a-harmonic minorant of u{P) = Rf(P) and v' u be the generalized Martin 
representing measure of ft., we can prove that 



Rh(P) = h (3.24) 



on C„(fi), then i/4(5 n (fi)\B^) = 0. Since 



dv' u {Q) = ^ (P °' Q) <MQ) (Q G S„(n)) 
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from (3.10), we also have v u (S n (Sl)\B' E ) = 0, which gives (3.18) from (3.23). 
To prove (3.24), we set u* = Rf{P) - h. Then 

u* + h = Rf = +h < + Rf 

and hence 

Rh-h>u*-R^>0 

from which (3.24) follows. 

Lemma 8 (The generalized Martin representation). If u is a positive a-harmonic function 
on C n (Q), then there exists a measure fi u on A, uniquely determined by u, such that ^„(Ao) = and 

u(P)= [ M&(P,Q)dvu(Q) (PeC n (fl)), 

J A 

where Ao is the same as introduction. 

Remark 3. Following the same method of D.H.Armitage and S.J.Gardiner[4] for Martin repre- 
sentation we may easily prove Lemma 8. 

4 Proof of the Theorems 

Proof of the Theorem 1. First we assume that (b) holds and let u — R^a^ qy Since M^(.,Q) is 
minimal, the Riesz decomposition of u is of the form v + IM$(-, Q), where v is a potential with the 
stationary Schrodinger operator on C n (Cl) and < I < 1. Since u = Mq(.,Q) quasi-everywhere on 
E and R^ + £u = v + £M$(., Q) = u quasi-everywhere on E, 

Rm^q) =RZ<R*+tu<v + tM&{., Q) = Rft &( . iQy (4.1) 

Hence £(M^(., Q) — u) = 0, so I = by the hypothesis and (a) holds. 

Next we assume (a) holds and let uj m be a decreasing sequence of compact neighborhoods of Q in 
the Martin topology such that f| m w m = {Q}. Then RfJ?^Q^ is a-harmonic on C n (tt)\uj m and the 
decreasing sequence {RfJ?^Q^} has a limit h which is a-harmonic on C n (Ct). Since h is majorized by 
the potential Rfja^ it follows that h = and (c) follows. 
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Finally we assume (c) holds, then there is a Martin topology neighborhood ui of Q such that 
^m[m"q) ^ Mq(.,Q). Since (b) implies (a), the set Ef)u> is a-minimally thin at Q and so R^J}" 
is a a-potential. Then -Rf/o( q) is a a-potential and we yields (b). 

Proof of the Theorem 2. Obviously we see that (c) implies (b). If (b) holds, then there exist 
t > A*«({<3}) an d a Martin topology neighborhood uj of Q such that u > £Mq(.,Q) on Ef)u. If 
^M£("q) = ^ en u — — ^Mq(.,Q) and this yields contradictory conclusion that 

H u = £Sq + /i„-£M s a i (..Q) > ^u({Q})^Q, where 5q is the unit measure with support {Q}. Hence 
Rm°( ' q) ^ Mq(.,Q). Thus E P| ui is a-minimally thin at Q and so (a) holds. 

Finally we assume (a) holds. By Lemma 1 there is an open subset U of C n (Q) such that ECU 
and U is a-minimally thin at Q. By Theorem 1 there is a sequence {ui m } of Martin topology open 
neighborhoods of Q such that Rm^}"q^(Po) < 2~ m . The function ui = J2 n ^m^("q)' being a sum of 
a-potentials, is a a-potential since Ui(Po) < °°. Further, since R^J?"q^ = ^n(-'Q) 011 tne °P en se t 

" l(P) > oo (P^Q;PeU) 



and so (c) holds. 

Proof of the Theorem 3. Clearly (c) implies (b). To prove that (b) implies (a), we suppose 
that (b) holds and choose A such that 



liminf ' >A> / M^.,Q)d^. 



J M f a 2 (.,« 



Then G^fi > AGq(Po, .) on E fl cj for some Martin topology neighborhood w of Q. If f denotes the 
swept measure of Sp onto E n uj, where Sp is the unit measure with support {Po}, then it follows 
that 

GqI^ > ARq£(p ,.) = AGqis 

on C n (Q). Let {if n } be a sequence of compact subsets of C„(f2) such that (J n if„ = C n (f2) and let 
Gq/z„ denotes the a-potential -R^"( gy Then 

/ ^m»(.,q)^ = / G&dfin < A- 1 J G a n »d» n = A- 1 J R%l { . iQ) d». 
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Letting n — > oo, we see from our choice of A that 

RmT(.,q)(Po) = J M&(.,Q)dv < A- 1 J M£(.,Q)dn < 1 = M£(P ,Q), 

then E f~1 w is a-minimally thin at Q by Theorem 1 and so (a) holds. 

Next we suppose that (a) holds. By Lemma 1 there is an open subset U of C n (Q) such that 
ECU and U is a-minimally thin at Q. By Theorem 1 there is a sequence {uj n } of Martin topology 
open neighborhoods of Q such that 

n 

Let = i/ n , where z/ n is swept measure of <5p onto J7 fl cj n . Then 

/ M^QWiP) = E / M&{p,Q)dv n {p) - E^T:q)( p °) < 00 

J n •> n 

and (2.5) holds since 

Gfi^n = ^G°(P 0> .) = ^n(-Pb) •) 

on the open set U fl uj n , so (c) holds. 

Proof of the Theorem 4. We observe that (2.6) is dependent of the choice of Qo since we may 
multiply across by Mq(Q , Q). Thus we assume that Q = Po, and we claim that for any a-potential 
G> 

liminf ^)^ P \ = I MR(P,Q)dii(P). (4.2) 
p^Q G%(P ,-P) J nK ^ ' V ' 

According to Fatou's Lemma, we yield 
In addition we know that 

li P m > i 3 f ^^)</ M ^^ p ) 

from Theorem 3 and the fact that C„(0) is not a-minimally thin at Q. Thus the claim holds. 

If E is a-minimally thin at Q, we see from (4.2) and the condition (b) of Theorem 3 that (2.6) 
holds for some a-potential u. Conversely, if (2.6) holds, then we choose A such that 

1- ■ C U ( P ) A • C U ( P ) 

hm mf - ±- ' — > A > hm inf ■ 



p^Q.PeEGf^Po^P) p^Q G^(P ,P) 
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and define G^fi to be the a-potential min{u, AG^(Po, •)}• Then by (4.2) 

Hminf = A > liminf ^ {P \ = f MMP, Q)dn(P), 

and it follows from Theorem 3 that E is a- minimally thin at Q. 

Proof of the Theorem 5. We apply the Riesz decomposition theorem to the superfunction 
Ma( oo) on tnen we have a positive measure fj, on C„(0) satisfying 

G£ M (P) < oo 

for any P G C„(0) and a non-negative greatest a-harmonic minorant H of Rf t ^ ^ such that 

«m S (.,cx>) = G^M(P) + H. (4.3) 

We remark that Mq(.,oo)(P G C„(0)) is a minimal function at oo. If E is a-minimally thin at oo 
with respect to C„(Q), then oo) lSi a a-potential and hence ff = 0on C n (Q). Since 

P^ ( . ;0o) (P) = M£(P, oo) (4.4) 

for any P G Be, we see from (4.3) 

G^(P)=M&(P,co) (4.5) 
for any P e Be- We take a sufficiently large R from Lemma 3 such that 

C2 w§ / n*M*)dM*,*)<2- 

M-Kj Jc n {il;0,R) 4 

Then from (2.1 or 2.2) 

f G a n (P,QW(Q) <]m&(P,oo) (4.6) 

JC n ((l;0,R) 4 

for any P = (r, 9) G G„(Q) and r > |r, and hence from (4.5) 

/ G a n (P,QW(Q) > ^(P.oo) (4.7) 

Jc n (i1;Roo) 4 

for any P = (r, 9) G Pg and r > |r. Now we divide G^yU into three parts as follows 

G a nl x{P)=Af\p) + A ( i\p) + Af\p) (P=(r,Q)GC n (fl)), (4.8) 

where 

A[ k \p)= f G a n (p,Qwm 
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and 



A k) (P)= [ G a n (P,QW(Q) 

JC„(O;0,2 fe - 1 ) 

A k) (P)= I G a n (P,QW(Q). 



/ C n (Q;2 k + 2 ,00) 

Then we shall show that there exists an integer N such that 

B E n7^jc{P=(r,Q)eC n (n):A{ k \p)>^V(rMe)} (k>N). (4.9) 

When we choose a sufficiently large integer Ni by Lemma 3 such that 
W(2 k ) f 1 



f ^)#)rf M (t,1>)<^r (k>m) 



V(2 k ) 
and 

\ W(tM<S>)d»(t,<S>) < {k>N x ) 

JC„(n:2 k + 2 .oo) 4 °2 



for any P = (r, 9) e Ifc(fi) n C„(fi), we have from (2.1 or 2.2) that 

4 fe )( P ) < ll/(rM6)} (k^N,) (4.10) 

and 

4 fe) (p)<|w)} (fc>tfi). (4.11) 



Put 



Ar = m ax{7V 1 ,[^i|] + 2} 
log 2 



For any P = (r, 6) £ P £ n J fc (fi)(fc > N). we have from (4.7), (4.8), (4.10) and (4.11) that 
A[ k) (P) > I G? 2 (P,QW(Q)-4 k \p)-Ai k \p) > \v(rMe), 



IC n (n-,R,oo) 

which shows (4.9). 



Since the measure X Ek is concentrated on B Ek and B Ek C Be fl /fc(O), finally we obtain by (4.9) 
that 

lni.E k )= I (G a n X Ek )d\ Ek (P) < [ V(tM^)d\ Ek (r,e)<4 f A {k) {P)dX Ek {P) 
Jc n {n) JB Ek JB Ek 

<a( If G a n (P,Q)dX Ek (P)\d^(Q) 

J Cnin-fi"- 1 ,2*+ 2 ) [Jc n (n) J 
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/C„(f2;2 fc - 1 ,2 fc + 2 ) 

and hence 



< 4 / V(t)p($)d/i(t, $) (fc > AT) 

JC„(0;2 t - 1 ,2H2) 



oo oo „ 

]T 7o(^)^(2 fc )^- 1 (2 fe ) < / W(t)^($)d/i(t,$) 



= / W(t)^($)d/i(t, $) < oo 

Jc n {n-,2 N -^,oo) 

from Lemma 3, (1.7) and Lemma C.l in [8 or 10], which gives (2.8). 
Next we shall prove the sufficient. Since 

R E M\ Uoo) (Q) = M n{Q^) 

for any Q e BE k as in (4.4), we have 

7 pl(£ fe )= / M^{Q,^)d\ Ek {Q)>V{2 k ) ( v($)d\ Ek (t,$) (Q = (t,$)GC n (fi)) 
and hence from (2.1 or 2.2), (1.7) and (1.8) 

^.(..oo)^) ^ C^M©) / W(t)^($)dA Bfc (t,$) 

< C 2 y(r)^(e)y- 1 (2 fc )T^(2' £ ha( J B fe ) (4.12) 
for any P = (r, 0) 6 C„(f2) and any integer k satisfying 2 fe > |r. If we define a measure fi on C n (f2) 

by 

E£L d -WQ) (QeC„(fi;[l,oo)), 
(QeC„(ft;(0,l)), 



d/x(Q) = < 
then from (2.8) and (4.12) 

« oo 

G a MP) = / (P, Q)dfi{Q) = ^ R% ( oo) ( p ) 

•/cr„(i>) ^ aK ' 

is a finite- valued superfunction on C n (Q) and 

G^(^P) > / G a n (P,Q)d\ Ek (Q) = ^( oo)( P ) = V(rMQ) 
Jc n (n) ny 1 

for any P = (r, 6) £ S Bfe , and from (2.1 or 2.2) 

G^(P) > CV(rMG) (4.13) 
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for any P = (r, 9) G C n (Cl; 0, 1), where 

C' = d[ W{t)ip{^>)d^{t ,$). (4.14) 

If we set 

oo 

E' = {J B Ek ,E 1 = EnC n (Q;0, 1) and C = min(C", 1), 

then 

£' C {P = (r, 9) G C„(fi); Gfi/i(P) > CV(rM@)}. 

Hence by Lemma 5 E' is a- minimally thin at oo with respect to C„(Q), namely, there is a point 
P' G C n (n) such that 

Rm s% ,oo)(P')^M^P'^). 
Since £" is equal to E except a polar set, we know that 

R M&{.,oo)( P ) = R M&(.,oc)( P ) 

for any P e C n (fl) and hence 

£&. ( ., oo) (i y )^M3(P',oo). 

This shows that is a-minimally thin at oo with respect to C„(fi). 

Proof of the Theorem 6. Let a subset E of C„(Q) be a-rarefied set at oo with respect to 
C„(f2), then there exists a positive superfunction v{P) on C n {Q) such that C(v, a) = and 

£ c fr„. (4.15) 

By Lemma 6 we can find two positive measure fi on C n (Q) and ^ on S n (Ct) such that 

v(P) = c (v,a)M^(P,0)+ [ G a a (P,QW(Q)+ [ dG<h } P ' Q) dv{Q) (PeC n (Q)). 

Jc n (n) Js n (n) an Q 

Now we set 

v(P) = c o (v,a)M? 1 (P,0)+B[ k \p) + B^(P)+B { 3 k \p), (4.16) 

where 

B[ k) (P)= I G a n (P,QW(Q)+ I dG l {P ' Q) du(Q); 
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Bf\P)= l G a n (P,QW(Q)+ I dG l {P ' Q) du(Q) 

JC„(Si;2 t - 1 ,2'+2) JS„(0;2 fc -i,2 fc + 2 ) an Q 



and 



4 k) (P)= [ G a n (P,QW(Q) 

+ [ Q) dv{Q) (P g fc = i, 2 , 3, • ■ • )■ 

./S„(Sl:2 fc + 2 ,oo) 

First we shall prove the existence of an integer N such that 

H v ni k (n) c {P = (r,e) e 4(0); ^ fe) (P) > Iy( r )} (4.17) 

for any integer fc(/c > iV). Since t>(P) is finite almost everywhere on C„(0), we may apply Lemmas 
3 and 4 to 

/ G a n (P,QW(Q) and f 9G ^ Q) dv{Q), 
Jc n (n) Js n (n) an Q 

respectively, then we can take an integer N such that for any integer k(k > N) 

I V(tM*)dn{t, $) < —L- ; (4.18) 

v \ 2 ) Jc n (n-,o.2 k - 1 ) i-2J n C 2 

I I4^($)^,$)<_L_ ; (4.19) 



and 



where 



/ W{t)t-'^>dv{t, $) < —L- , (4.21) 

J S n (tl;2 k + 2 ,00) on <S> IZJqU 2 



J f2 = sup^(9). (4.22) 

een 



Then for any P = (r, 9) G J fc (fi)(fc > JV), we have 

p| fe) (P) < C 2 J Q W(r) [ K(t)^($)d/i(t,$) 

JC„(O;0,2 fc -!) 

from (2.1 or 2.2), (3.1 or 3.2), (4.18) and (4.20), and 



+C 2 J n W(r) [ vW^^^duit,*) < 

is„(O;0.2 fc -!) on® 



Bf\P) < C 2 JnV(r) f W(t)<p($)dn(t, $) 

J C„ (n-.2 k + 2 ,oo) 



'C„(n;2 fe + 2 ,oo) 
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+C 2 JnV(r)[ W(t)t-^dv(t,*)<^± 



from (2.1 or 2.2), (3.1 or 3.2), (4.19) and (4.21). Further we can assume that 

6Kc (v,a)J n < V{r)W-\r) 
for any P = (r, 6) E 4(0)(fc > N). Hence if P = (r, 9) 6 4(0) DH v (k>N), we obtain 

(P) > «(P) - ^ - <(P) - 5f (P) > 

from (4.16) which gives (4.17). 

Next we observe from (4.15) and (4.17) that 

B<£\p)> l -V{2 k ) (k>N) 

for any P e E k - If we define a function Ufe(P) on C n (fl) by 

Ufc (P) = 2T/- 1 (2 fe )i?f ) (P), 

then 

u k (P) > 1 (PeE k ,k>N) 

and 



dfj, k (Q) 



u k {P)= [ G a n (P,QWk{Q)+ [ dG<h } P,Q) dv k {Q) 

with two measures 

2t/-!(2 fc )^(g) (QeC„(Q;(2 fe -\2 fe + 2 ))), 
^ (Q e C„(0; (0, 2*- 1 )) U C„(n ; [2 fc + 2 , oo))) 

and 

2V-\2 k )dv{Q) (QeS„(0;(2 fe -\2 fc + 2 ))), 

(Q e S„(fi; (0, 2*- 1 )) U S„(fi; [2 fc + 2 , oo))). 

Hence by applying Lemma 7 to itfe(P), we obtain 



dvk(Q) = < 



A£(£ fe ) < 2V- 1 (2 fe ) / ^(t) V ($)d/i(t,*) 

Jc„(0;2*-i,2'+2) 

+2y- 1 (2 fc ) / y(t)^iM£2^(t ; $) (fc>JV). 



'S„(fi;2*- 1 ,2*+ 2 ) 

23 



Finally we have by (1.7), (1.8) and (1.9) 

OO „ 

Y J W{2 k )\1,{E k )< W(tM3>)d»(t,3>) 

k=N JC n (n;2»-i, 00 ) 



I w(t)r 

JSr, (!J;2«-ioo) 



If we take a sufficiently large N, then the integrals of the right side are finite from Lemmas 3 and 4. 
We suppose that a subset E of C n (SY) satisfies 

OO 

Y^W(2 k )\^(E k ) <oc, 

fc=0 

then we apply the second part of Lemma 7 to E k and get 

fy(2 fc ){/ V{t)<p{*)dMt,*)+ [ Vit^^-duUt,^)) <oo, (4.23) 
where /x£ and are two positive measures on C„(f2) and 5 , rl (Sl) , respectively, such that 

Rf k (P)= f GUP,QWUQ)+ [ dG l iP ' Q) du* k (Q). (4.24) 
Consider a function vq{P) on C n (Q) defined by 

CO 

vo(P)= E V(2 k+1 )Rf*(P) (P6C B (fl)), 
fe=-i 

where 

£-i = £n{P= (r, 6) £ C n (fi); < r < 1}, 

then v (P) is a superfunction or identically oo on C„(0). We take any positive integer k and 
represent fo(-P) by 

MP) = MP) + MP), 

where 

fco+l 00 

MP) = Yl V{2 k+1 )R?"(P), MP)= E V(2 k+1 )R? k (P). 

fc=-l fc=fe +2 

Since £i£ and i/jj are concentrated on Be,, C E k d C„(0) and _B^ fc C ^fl >S„(Q), respectively, we 
have from (2.1 or 2.2), (3.1 or 3.2), (1.7) and (1.8) that 

/ G a n (P',QW* k (Q)<C 2 V(r'MQ') [ W(tM$)d»t(t,$) 
Jc n (n) Jc n (n) 
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< 



C 2 W(2 k )V- 1 (2 k )V(r'Me / ) f V(tM$)d»t(t,$) 



and 



r ggM^iQ) ^(Q) < c 2 w(2 k )v- 1 (2 k )v(r'Me') [ v(t)t~ ldipW 

Js n (n) on Q Js n (n) 



dv* k {t,<S>) 



's n (Q) dn Q ~ Js n (n) <9n$ 

for a point P' = (r',6') G C n (Q)(r' < 2 ko+1 and any integer k < k Q + 2). Hence we know by (1.7), 
(1.8) and (1.9) 

OO „ 

v 2 (P')<v(r'Me') ]T w(2 k ) v{tM*)dti{t,*) 

k=k a +2 J °«M 

+VVM©') £ W(2 k ) f V {t)t- l ^^dul{t^). (4.25) 

k=k a + 2 •> S n (n) n <S> 

This and (4.23) show that v 2 (P') is finite and hence vq(P) is a positive superfunction on C n (Q). To 



sec 



c(wo,a)= inf - ; = 0, (4.26) 

v ' Pec n (Q) M°(P, oo) v 7 

we consider the representations of t>o(-P), ^i(P) and v 2 {P) by Lemma 6 

v (P) = c(v , a)M&(P, co) + c o ( W0 , a)M3(P, O) + / Gft(P, Q)d m {Q) 

r Bom® 

Js n (Q) dn Q 

v 1 (P)=c(v u a)M&(P,oc)+c (v 1 ,a)M&(P,0)+ f G a a {P,Q)dii {1) {Q) 



and 



+ / — 



MP) = c( W2 ,a)M^(P, co) + c (v 2 , a)M&(P, O) + f G a n (P, QW {2) {Q) 

Jc n (n) 

Js„(m on Q 



'S n (Q) on Q 

It is evident from (4.24)that c(v\,a) = for any k . Since c(v 0} a) — c{v 2l a) and 



jr W(2 k ) [ ^) t -iM51^*(t,$)^0 (fco^oo) 



fc=fc +2 
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from (4.23) and (4.25), wc know c(v ,a) = which is (4.26). Since Pf fc = 1 on B Ek C E k n C„(fi), 
we know 

v (P) > V(2 k+1 ) > V(r) 
for any P = (r, 6) £ P £(c (fc = -1,0, 1, 2, • • • )■ If wc set E' = \Jf = _ x B Ek , then 

E'CH V0 . (4.27) 

Since E' is equal to -E except a polar set 5 1 , we can take another positive superfunction v 3 on C n (fi) 
such that ^3 = Gq7? with a positive measure 77 on C„(f2) and U3 is identically 00 on 5. Finally we 
define a positive superfunction v on C„(f2) by 

t> = v + v 3 . 

Since c(u 3 ,a) = 0, it is easy to see from (4.26) that c(v,a) = 0. In addition we know from (4.27) 
that E C H v . Thus we complete the proof that subset E of C n (Cl) is a-rarefied at 00 with respect to 
C„(fi). 

Proof of the Theorem 7. By Lemma 6 we have 

v(P) = c(v, o)MS(P, 00) + Co (w, a)M£(P, O) + [ G a n (P, QW(Q) 

Jc n (n) 



dG a n (P,Q) 



(fi) 



/S„(f2) 5n Q 

for a unique positive measure /x on C n (f2) and a unique positive measure v on 5„(f2), respectively. 
Then 

ui(P) - w(P) - c(u, a)M£(P, 00) - Co ( W , a)M£(P, O) (P = (r, 6) e C„(0)) 
also is a positive superfunction on C n (fi) such that 

inf ^ - = 0. 

p=(r-,e)ec* n (fi) Mg(P, 00) 

We shall prove the existence of a-rarefied set _E at 00 with respect to C n (fi) such that 

^(P)^- 1 ^) (P = (r,e)eC„(fi)) 
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uniformly converges to on C n (£l)\E as r — > oo. Let {ei} be a sequence of positive numbers £j 
satisfying e$ — >• i — > oo. Put 

£?i - {P = (r, 6) G C„(n); U!(P) > £^(r)} (fc = 1, 2, 3, • • ■ ). 

Then Ei(k = 1, 2, 3, • ■ • ) is a-rarefied sets at oo with respect to C„(f2) and hence by Theorem 6 

oo 

J2W(2 k )X^ l ((E i ) k ) < oo (i = 1,2,3, •••)■ 

fc=0 

We take a sequence {<?,} such that 

Y,W{2 k )\U{E l ) k )<- (i = 1,2,3, •••) 

and set 

s=u- 1 ur =9i (^)fc. 

Because is a countably sub-additive set function as in H.Aikawa [1] and M.Essen and H.L.Jackson 
[9], then 

OO OO 

X a n(E m ) < E E A ^ n Ik n 7 ™) ( m - 1, 2, 3, • • • )• 

i=l k—qi 

Since 

oo oo oo oo 

£ \UE m )W{2 m ) <EE E A ^ n J * n W") 

m— 1 2—1 fc= q i m— 1 

oo oo 1 

i=l fc=<ji i=l 

we know by Theorem 6 that E is a a-rarefied set at oo with respect to C n (Cl). It is easy to see that 

v(P)V-\r) (P = (r,0) eC„(fi)) 

uniformly converges to on C n (Q)\E as r — > oo. 

Proof of the Theorem 8. Since Xs k is concentrated on E<E k <Z E k C\ C„(0), we see 

7£(£fe) - / i?M\ ( ^(P^JP) < / M^{P^)d\ Ek (P) < J n V(2 k + 1 )X a n (E k ) 
Jc n (Q) n Jc n (n) 

and hence 

oo oo 

Y J ln(E k )W(2 k )V-\2 k ) <Y / W(2 k )XUE k ), 

k=0 k=0 
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which gives the conclusion in the first part from Theorems 5 and 6. To prove the second part, we put 
J'n = min ee fF^( )- Since 

MS(., oo) = V(r)<p(Q) > J' n V(r) > J' n V(2 k ) (P = (r, 9) G E k ) 

and 

^(.,oo)( P ) = M n(-,oo) 

for any P = (r, 9) G E>E k , we have 

ln(E k ) = I Rf; { (P)d\ Ek (P) > J' n V{2 k )\UEk). 

Since 

oo oo 

Ja E K,(Ek)W(2 k ) < E V- 1 (2 fe )^(2 fc ) 7 ^(£; fc ) < oo 

fc=0 fe=0 

from Theorem 5, it follows from Theorem 6 that E is a-rarefied at oo with respect to C n (il). 
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